This chapter studies investors who have time-additive utility. Such investors seek to maximize (14.1a) for some , or (14.1b) In the finite-horizon case, denotes the utility of a bequest. If in the finite-horizon case, then the objective is to maximize the expected utility of terminal wealth. If , then there is no bequest motive. As before, the first-order condition for optimal consumption is called the Euler equation. It states that the investor's MRS is an SDF process. If there is a representative investor, then the MRS depends on aggregate consumption.
We describe two methods for optimizing (14.1). First, we describe the static approach, which works in some special models (it can be generalized to work in other models, but that is beyond the scope of this book; see the end-of-chapter (p.
343) notes for some references)
. Then, we explain dynamic programming in continuous time. Key results are the envelope condition and the decomposition of optimal portfolios into myopic and hedging demands. Section 14.6 derives implications of optimization for asset prices-in particular, the CCAPM and the ICAPM.
Euler Equation
The Euler equation (first-order condition for optimal consumption) is essentially the same in continuous time as in discrete time. The condition is that the MRS is an SDF process. This is a sufficient condition for optimality in a complete market (Section 14.3). We use it as a necessary condition for optimality to derive the CCAPM and the ICAPM in Section 14.6. Proving that it is a necessary condition for optimality is more delicate in continuous time than in discrete time, and we do not attempt it here (see the end-of-chapter notes).
Representative Investor Pricing
There is a representative investor if the market is complete or if all investors have LRT utility functions with the same cautiousness parameter. The proof of this fact is essentially the same as in discrete time or as in a single-period model. Pricing via the representative investor's MRS is also very much the same in continuous time as in discrete time, though calculations are sometimes easier in continuous time. For example, if there is a representative investor with constant relative risk aversion and discount factor , then the Euler equation states that is an SDF process. This implies formulas for the risk-free rate and for the price of risk process (Exercise 13.1). If consumption growth is lognormal, then the market pricedividend ratio is constant, and the market Sharpe ratio is
(Exercise 13.2). If instead,
where is Markovian (Section 13.6), then the market pricedividend ratio is a function of , say . In this case, the market risk premium depends on the (p.344) partial derivatives and the covariances between the elements of and consumption growth (Exercise 15.1).
Static Approach to Portfolio Choice
If there is no labor income, and if consumption and wealth are nonnegative always, then an investor's consumption and wealth must satisfy the following static budget constraint for any SDF process : (14.2a) or (14.2b) if the horizon is infinite. The left-hand side of the constraint is of course the date-0 cost of consumption (and terminal wealth), using the SDF process for pricing, and the right-hand side is the given initial wealth.
We show below that, when the market is complete, we can find the optimal consumption process by maximizing expected utility subject to the static budget constraint. This is a relatively straightforward problem, because it does not involve the portfolio or the intertemporal budget constraint. The portfolio process is calculated from the optimal consumption process in a second step. We also show below that the same method works if the capital market line is constant over time.
In particular, if returns are IID, then we can find the optimum by maximizing subject to a static budget constraint.
In other cases, we must deal either with a continuum of static budget constraints (corresponding to different SDF processes) or work directly with the portfolio process and intertemporal budget constraint. The latter approach is taken later in the chapter, using dynamic programming. First, we prove that the static budget constraint (14.2) must hold at any consumption process that, in conjunction with some portfolio process, satisfies the intertemporal budget constraint.
________________________________________________
To derive (14.2), assume , , and satisfy the intertemporal budget constraint (13.38). As observed in Section 13.3, from (14.4) by taking and using the monotone convergence theorem.
Complete Markets Assume (as many risky assets as Brownian motions), so is invertible, and assume the squared maximum Sharpe ratio has a finite integral with probability 1. As shown in Section 13.3, there is a unique SDF process . Assume investors have no labor income and are constrained to maintain nonnegative wealth.
The portfolio choice problem in this setting is equivalent to maximizing expected utility subject to the static budget constraint (14.2)-that is, the intertemporal budget constraint is equivalent to the static constraint. The previous section shows that the intertemporal budget constraint implies the static constraint (even in an incomplete market). In a complete market, the converse is true. In fact, Section 13.5 shows that if nonnegative and satisfy the static budget constraint, then there exists a portfolio process in conjunction with which and satisfy the intertemporal budget constraint.
Furthermore, (14.5) This implies that , as we are requiring here. Thus, the static and intertemporal budget constraints are equivalent in a complete market. deviation, mean) space, so for it to be constant means that the risk-free rate and the maximum Sharpe ratio (14.9) are constants. This allows the investment opportunity set (defined by , , and ) to be time varying and random to a limited extent. Also, the market can be incomplete. In this circumstance, each investor's optimal portfolio is proportional to the portfolio (14.10) Thus, two-fund separation holds. The portfolio (14.10) is the optimal portfolio for a log utility investor even when the capital market line is not constant (Exercises 14.3 and 14.4 In a single-period model, two-fund separation follows from assumptions on preferences (quadratic utility) or assumptions on returns (separating distributions). Likewise, in continuous time, two-fund separation follows from assumptions on preferences (log utility) or assumptions on returns (constancy of the capital market line).
To be more precise about the assumptions producing two-fund separation, assume that investors have no labor income and are constrained to choose nonnegative consumption and maintain nonnegative wealth. Assume also that there is a solution to the static problem with that satisfies the first-order conditions (14.3). Then, as is shown below, the solution to the static problem is optimal, and the optimal portfolio is proportional to the tangency portfolio. This is true for all versions of the optimization problems (14.1) and (14.1b), including maximizing the expected utility of terminal wealth.
For concreteness, consider the finite-horizon case. The argument for the infinite-horizon case is the same. This portfolio is proportional to the growth-optimal portfolio.
Furthermore, satisfies (14.14) and the stochastic part of is , so the intertemporal budget constraint is satisfied by , , and , as explained in Section 13.5. Therefore, is feasible.
(p.349) 14.4 Introduction to Dynamic Programming
In this section, we explain dynamic programming in continuous time in the relatively simple context of IID returns (that is, , , and are constants) and no labor income. Of course, the results of the preceding section apply to this case, but dynamic programming provides more detail about the solution than does the method of the previous section (which relies on the martingale representation theorem for the existence of the optimal portfolio). Section 14.5 discusses more general models. The first-order condition for maximizing (14.19) in is (14.20) This is the envelope condition discussed in Chapter 9. The maximization over in (14.19) is a quadratic optimization problem with solution (14.21) This is of course consistent with the result of the previous section that the optimal portfolio is proportional to the growthoptimal portfolio. The growth-optimal portfolio is the optimal portfolio for an investor with log utility, even when the capital market line is not constant (see Exercise 14.3 for an example). (p.352) Thus, the optimal portfolio is the optimal portfolio for a log-utility investor scaled by the reciprocal of the relative risk aversion of the value function . The factor model (14.31) is the ICAPM.
An alternate proof of the ICAPM based on the portfolio formula (14.24) is considered in Exercise 14.2. One merit of the alternate proof is that it does not rely on the envelope condition and hence applies when investors maximize the expected utility of terminal wealth, without consumption at each date. We can also apply the proof given here when investors maximize the expected utility of wealth by deducing (14.30) without using the envelope condition. See Section 10.1 for this proof in discrete time.
________________________________________________ From (14.27), we have where As in the proof of the CCAPM, the SDF factor model (Section 13.3) implies (14.32) where Divide (14.32) by , sum over , and rearrange to obtain (14.31a).
More on the Envelope Condition
The CCAPM and ICAPM use different factors to explain risk premia, so they may appear to be alternative models. However, they are tightly linked via the envelope condition. This has already been shown in the derivations of the models, but the relation of the covariances in the two models deserves further emphasis. There is evidence that the maximum Sharpe ratio changes over time. Obviously, it is also doubtful that all investors have log utility. Therefore, the ICAPM seems a more plausible asset pricing relation than does the conditional CAPM.
Notes and References
The static approach to portfolio choice described in Section 14.3 is due to Karatzas, Lehoczky, and Shreve (1987) and Cox and Huang (1989) . A complete treatment is presented by Karatzas and Shreve (1998) . Note that, at the solution (p. 361) to the static problem, the static budget constraint will hold as an equality, given strictly monotone utility. This implies that (14.3) is a martingale for the optimal consumption and wealth process (because a sufficient condition for a supermartingale on a time horizon to be a martingale is that strategies (Section 13.8), but the optimum can never involve a suicide strategy.
The static approach can also be used in incomplete markets or in markets with frictions, as discussed in Section 9.7, by finding the "least favorable fictitious completion." In the setting of continuous time, this method is due to He and Pearson (1991b) , Karatzas, Lehoczky, Shreve, and Xu (1991), and Cvitanic and Karatzas (1992) . Again, see Karatzas and Shreve (1998) for a full discussion.
The dynamic programming approach to portfolio choice in continuous time is due to Merton (1969) . The result of Section 14.3 on portfolio choice with a constant capital market line appears in Nielsen and Vassalou (2006) . It can also be derived from a more general result due to Chamberlain (1988) .
Chamberlain shows that if there is an SDF process such that (i) all consumption processes adapted to are marketed, and
(ii) is adapted to a vector of independent Brownian motions, then the optimal wealth process for each investor is spanned by the Brownian motions. The proof in Section 14.3 follows Chamberlain (1988) in showing that the optimal wealth process is spanned by the Brownian motion because the SDF process is adapted to as a result of (14.12). Chamberlain's result implies -fund separation. Schachermayer, Sirbu, and (1.) Of course, the first half of (14.6a) can be ignored when and the second half ignored when .
(2.) The first-order conditions have a solution (or and ) for any if and .
These are called the Inada conditions.
(3.) In (14.1), denotes the utility of a bequest discounted to date 0, so is the utility at date .
(4.) To compare this to the restriction needed in discrete time, note that the discount factor denoted by in discrete time is now denoted by . In our current notation, condition (9.25) is
